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ON A NOVEL CLASS OF POLYANALYTIC HERMITE POLYNOMIALS
ABDELHADI BENAHMADI AND ALLAL GHANMI
Abstract. We carry out some algebraic and analytic properties of a new class of orthog-
onal polyanalytic polynomials, including their operational formulas, recurrence relations,
generating functions, integral representations and different orthogonality identities. We
establish their connection and rule in describing the L2–spectral theory of some special
second order differential operators of Laplacian type acting on the L2–gaussian Hilbert
space on the whole complex plane. We will also show their importance in the theory of
the so-called rank–one automorphic functions on the complex plane. In fact, a variant
subclass leads to an orthogonal basis of the corresponding L2–gaussian Hilbert space on
the strip.
1 Introduction
The classical real Hermite polynomials (see e.g. [17, 25]) are extensively studied in the
mathematics literature and they have found interesting applications in various branches
of mathematics, physics and technology, see for examples [25, 28, 29] and the references
therein. Natural extensions to the two real variables can be obtained by considering the
tensor product Hm,n(x, y) = Hm(x)Hn(y) or also by replacing the real x in Hm(x) by the
complex variable z giving rise to the holomorphic Hermite polynomials (see e.g. [28, 19]).
Hn(z) = (−1)nez2 d
n
dzn
(e−z2). (1.1)
This last class has been introduced in the study of some analytic function spaces [31, 22, 6]
and showed to be useful for the coherent states theory [7, 12]. Their combinatoric has
been studied in [19]. Another generalization is given by the univariate complex Hermite
polynomials Hm,n(z, z) introduced by Ito in the context of complex Markov process [21] as
well as their generalized version Gm,n(z, z) considered by the second author in [13]. Both
are special examples of polyanalytic polynomials of one complex variable for satisfying
the generalized Cauchy equation ∂
k
∂zn+1
= 0. The curious reader can refer to [26, 23, 18,
13, 14, 20, 15] and the references therein for their basic properties and their applications.
The following general class of polyanalytic polynomials including the Hm,n(z, z) and
the Gm,n(z, z) is suggested in [9]
Ghm,n(z, z) = (−1)m+neν|z|
2−h(z) ∂
m+n
∂zm∂zn
(
e−ν|z|
2+h(z)
)
, (1.2)
where h(z) is a given entire function. They appear naturally, when dealing with the
spectral theory of a special magnetic Laplacian leaving invariant the space of mixed au-
tomorphic functions [9].
In the present paper, we consider the particular case Gh
α,ξ
0
0,n (z, z) corresponding to the
special holomorphic function hα,ξ0 (z) = αz2 + ξz for arbitrary real α and complex number
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2 A. BENAHMADI AND A. GHANMI
ξ. In fact, we consider
Iν,αn (z, z|ξ) = (−1)neνzz−αz
2−ξz ∂
n
∂zn
(
e−νzz+αz
2+ξz
)
, (1.3)
Such class of functions can be seen as the polyanalytic generalization of the holomorphic
Hn(z) = I0,−1n (z, z|0) as well as the monomials I1,0n (z, z|0) = zn. The consideration of
this class is motivated by their importance in the theory of the automorphic functions on
the complex plane with respect to given rank–one discrete subgroup Γ = Z of (C,+) (see
Section 7). In fact, the specific case of ξ = 2ipi(β + k), with β ∈ R and k ∈ Z, leads to
Iν,α,βn,k (z, z|ξ) := Iν,αn (z, z|2ipi(β + k)) (1.4)
which for fixed nonnegative integer n gives rise to an orthogonal basis of the nth L2–
eigenspace of a Schrödinger operator acting on some L2–sections over the strip C/Z of
the L2–line bundle L = (C×C)/Z, constructed as the quotient of the trivial bundle over
C by considering the Z–action [16, 27].
Our main purpose here is to explore some basic properties of Iν,αn (z, z|ξ) such as op-
erational representations, the recurrence relations, differential equations they satisfy, or-
thogonality relations, Rodrigues’ formula and quadratic formula of Nielsen type as well
as the explicit formula in terms of the Hermite polynomials. We also provide generat-
ing functions and integral representations, including the one involving a Fourier–Wigner
transform with a special window function closed to the classical Mehler’s kernel. In course
of our investigation, we present two interesting applications. The first one is related to
the concrete description of the spectral theory of some specific second order differen-
tial operator of Laplacian type acting on the free Hilbert space L2(C; e−ν|z|2dxdy). The
second application involves the subclass Iα,βm,n (z, z|ξ) in (7.4) and reproves the fact that
they form a complete orthogonal system of the space L2(C/Z; e−ν|z|2dxdy) of L2–rank–one
automorphic functions.
The layout of the paper is as follows. In Section 2, we introduce and study some basic
properties of Iν,αn (z, z|ξ). In Section 3, we provide four kinds of generating functions.
In Section 4, we discuss the orthogonality properties. Section 5 is concerned with the
problem of providing integral representations of Iν,αn (z, z|ξ). The polyanaliticity of these
polynomials and the differential equations they satisfy are discussed in Section 6. While
in Section 7, we discuss their importance in studying the spectral properties of rank–one
automorphic theta functions. Some concluding remarks close the paper.
2 Preliminary results
This section incorporates a preliminary study of the polynomials Iν,αn (z, z|ξ) (abbre-
viated sometimes as Iν,αn ). For the unity of the formulation, we put Iν,αn = 0 whenever
n < 0. Notice for instance that
Iν,α1 (z, z|ξ) = νz − 2αz − ξ. (2.1)
The first result in this section concerns useful operational formulas for Iαn (z, z|ξ).
Proposition 2.1. The polynomials Iν,αn (z, z|ξ) can be realized as
Iν,αn (z, z|ξ) = e−αz
2−ξz (−∂z + νz)n (eαz2+ξz) (2.2)
= e−αz2(−∂z + νz − ξ)neαz2 . (2.3)
Moreover, the first order differential operators ∂z − Iν,α1 and ∂z are respectively the corre-
sponding arising and lowering operators in the sense that we have
∂zI
ν,α
n = I
ν,α
1 I
ν,α
n − Iν,αn+1 (2.4)
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and
∂zI
ν,α
n = νnI
ν,α
n−1. (2.5)
Proof. The representation (2.2) as well as (2.3) follow from the Rodrigues’ type formula
(1.3) making use of the fact
(∂z − νz + ξ)n (f) = e−ξz (∂z − νz)n (eξzf) = eνzz−ξz∂nz
(
e−νzz+ξzf
)
for sufficiently differentiable function f . Both (1.3) and (2.2) can be used to establish
(2.4). The proof we provide below is based on (2.2). Indeed, direct computation yields
∂zI
ν,α
n = − (2αz + ξ) Iν,αn + (−1)n e−αz
2−ξz∂z (∂z − νz)n eαz2+ξz. (2.6)
Hence, by rewriting the z–derivation operator in the form ∂z = (∂z − νz) + νz, keeping
in mind the expression of Iν,α1 given through (2.1), we obtain
∂zI
ν,α
n = (νz − 2αz − ξ) Iν,αn − Iν,αn+1 = Iν,α1 Iν,αn − Iν,αn+1.
This proves (2.4). To establish (2.5), we make use of
∂z (∂z − νz)n h = −νn (∂z − νz)n−1 h, (2.7)
which holds true for any holomorphic function h and in particular for h(z) = eαz2+ξz.
Therefore, we obtain
∂zI
ν,α
n = (−1)ne−αz
2−ξz∂z
[
(∂z − νz)n eαz2+ξz
] (2.7)= νnIν,αn−1.

The following result gives another interesting representation of the polynomials Iν,αn .
Proposition 2.2. The polynomials Iν,αn can be represented as
Iν,αn = (−∂z + Iν,α1 )n · (1). (2.8)
Subsequently, we have
∂zI
ν,α
n = −2αnIν,αn−1. (2.9)
Proof. Notice first that (2.4) can be rewritten as (−∂z + Iν,α1 ) Iν,αk = Iν,αk+1. Therefore, we
get
(−∂z + Iν,α1 )n Iν,αk = Iν,αk+n (2.10)
for any arbitrary nonnegative integers n and k. Hence, for k = 0, we obtain (−∂z + Iν,α1 )n ·
(1) = Iν,αn . This proves (2.8). The proof of (2.9) lies essentially in the fact that
∂z (−∂z + Iν,α1 )n · (1) = −2αn (−∂z + Iν,α1 )n−1 · (1). (2.11)

Remark 2.3. By comparing (2.5) and (2.9), we get ∂zIν,αn = −2αν ∂zIν,αn . Thus for α > 0
and ν = 2α, the corresponding polynomials Iν,ν/2n are antisymmetric in the sense that
Iν,ν/2n (z, z) = −Iν,ν/2n (z, z). Moreover, they depends only in the imaginary part of z.
Combination of (2.4) and (2.9) yields the following
Corollary 2.4. The polynomials Iν,αn satisfy the three term recurrence formula
Iν,αn+1 = Iν,α1 Iν,αn + 2αnI
ν,α
n−1. (2.12)
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Remark 2.5. In the proof of Proposition 2.1 (resp. Proposition 2.2), we have make use
of the identity (2.7) (resp. (2.11)). These identities can be handled by induction. They
also are particular cases of the well–established algebraic identity ABn+1−Bn+1A = λnBn
whenever AB −BA = λId.
It may be of interest to point out that Iν,αn are also polynomials in ξ with degree n.
This can be seen easily in virtue of the following
Lemma 2.6. We have
2α∂ξIν,αn = ∂zIν,αn = −2αnIν,αn−1 (2.13)
and consequently, the following recurrence formula
Iν,αn+1 = Iν,α1 Iν,αn − 2α∂ξIν,αn (2.14)
holds true.
Proof. Direct computation, starting from (2.6) and using the fact that ∂z and ∂z − νz
commute, entails
∂zI
ν,α
n = −(2αz + ξ)Iν,αn + (−1)ne−αz
2−ξz (∂z − νz)n
(
∂ze
αz2+ξz
)
= 2α
{
−zIν,αn + (−1)ne−αz
2−ξz (∂z − νz)n
(
zeαz
2+ξz
)}
= 2α(−1)n∂ξ
{
e−αz
2−ξz (∂z − νz)n
(
zeαz
2+ξz
)}
= 2α∂ξIν,αn .
Insertion of (2.13) in (2.4) yields (2.14). 
Remark 2.7. The property (2.4) in Proposition 2.1 (resp. (2.5) in Proposition 2.1 and
(2.13) in Lemma 2.6) shows that the considered polynomials Iν,αn constitute an Appell
sequence with respect to z (resp. z and ξ).
Added to the Rodrigues’ formula (1.3) defining Iν,αn , these polynomials admit a second
useful Rodrigues’ formula.
Theorem 2.8. We have
Iν,αn (z, z|ξ) = (−1)ne
−(Iν,α1 (z,z|ξ))2
4α
∂n
∂zn
e(Iν,α1 (z,z|ξ))24α
 (2.15)
Proof. We proceed by induction. Obviously, (2.15) holds good for n = 0 and n = 1. In fact
∂z
(
e
(Iν,α1 )
2
4α
)
= −Iν,α1 e
−(Iν,α1 )
2
4α . Now, assume that (2.15) holds true for every nonnegative
integer k ≤ n, for given fixed n. Since ∂jz (Iν,α1 ) = 0 for j = 2, 3, · · · , we get
∂n+1z
(
e
(Iν,α1 )
2
4α
)
= −Iν,α1 ∂nz
(
e
(Iν,α1 )
2
4α
)
+ n∂z (−Iν,α1 ) ∂n−1z
(
e
(Iν,α1 )
2
4α
)
,
so that
(−1)n+1e
−(Iν,α1 )
2
4α ∂n+1z
(
e
(Iν,α1 )
2
4α
)
= Iν,α1 (−1)ne
−(Iν,α1 )
2
4α ∂nz
(
e
(Iν,α1 )
2
4α
)
+ 2αn(−1)n−1e
−(Iν,α1 )
2
4α ∂n−1z
(
e
(Iν,α1 )
2
4α
)
= Iν,α1 Iν,αn + 2αnI
ν,α
n−1.
Thus, one arrives at the desired result by means of the recurrence formula (2.12). 
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The previous result shows in particular that the polynomials Iν,αn should be closely
connected to the univariate Hermite polynomials Hn(x). In fact, the following result
asserts that they are essentially the Hn in the variable Iν,α1 .
Corollary 2.9. The explicit expression of Iν,αn in terms of the classical Hermite polyno-
mials is given by
Iν,αn (z, z|ξ) = (−i)nαn/2Hn
(
iIν,α1
2α1/2
)
= (−i)nαn/2Hn
(
2αz − νz + ξ
2iα1/2
)
, (2.16)
with α 6= 0 and the convention that α1/2 = i
√
|α| if α < 0.
Remark 2.10. For the particular case of ν = 2α > 0, the result of Corollary 2.9 shows
that Iν,ν/2m (z, z|ξ) are polynomials in = (z) and read simply
Iν,ν/2n (z, z|ξ) = (−i)n
(
ν
2
)n/2
Hn
(
2ν=(z) + ξ
i(2ν)1/2
)
. (2.17)
This is in accordance with Remark 2.3 The special case of adequate ξ (ξ = 2ipi(β + k))
will be reconsidered in Section 7 when dealing with rank–one automorphic functions.
The following result gives the expression of Iν,αn (z, z|ξ) in terms of the tensor product
Hτj (x)H
µ
k (y) of the rescaled real Hermite polynomials,
Hτk (t) = (−1)neτt
2 dn
dtn
(e−τt2).
Proposition 2.11. For ν and α such that 2|α| < ν, we have
Iν,αn (z, z|ξ) =
1
2n
n∑
k=0
(−i)k
(
n
k
)
Hν−2αn−k
(
x− <(ξ)
ν − 2α
)
Hν+2αk
(
y + =(ξ)
ν + 2α
)
. (2.18)
Proof. Notice first that by considering the first order differential operators
Aν,α,ξx f = −
1
2 (∂x − 2(ν − 2α)x+ 2<(ξ)) f
and
Bν,α,ξy f = −
1
2 (∂y − 2(ν + 2α)y − 2=(ξ)) f,
we clearly have [Aν,α,ξx , Bν,α,ξy ] = 0. Moreover,
(Aν,α,ξx )n · (1) =
1
2nH
ν−2α
n
(
x− <(ξ)
ν − 2α
)
and
(Bν,α,ξy )n · (1) =
1
2nH
ν+2α
n
(
y + =(ξ)
ν + 2α
)
which readily follows by induction from the fact
(∂t − 2τt+ µ) f = eτ(t−
µ
2τ )
2
∂t
(
e−τ(t−
µ
2τ )
2
f
)
.
6 A. BENAHMADI AND A. GHANMI
Now from Proposition 2.2, we have
Iν,αn = (−∂z + Iν,α1 )n · (1)
=
(
Aν,α,ξx − iBν,α,ξy
)n · (1)
=
n∑
k=0
(−i)k
(
n
k
)(
Aν,α,ξx
)n−k · (1) (Bν,α,ξy )k · (1)
= 12n
n∑
k=0
(−i)k
(
n
k
)
Hν−2αn−k
(
x− <(ξ)
ν − 2α
)
Hν+2αk
(
y + =(ξ)
ν + 2α
)
.

We conclude this section by proving a Nielsen’s identity for these polynomials, which
consists of expressing Iν,αn as a weighted sum of a product of the same polynomials.
Namely, we have
Theorem 2.12. The Nielsen’s identity for the polynomials Iν,αn reads
Iν,αm+n = m!n!
min (m,n)∑
k=0
(2α)k
k!
Iν,αm−k
(m− k)!
Iν,αn−k
(n− k)! . (2.19)
Proof. Starting from the Rodrigues’ formula (1.3), we can easily see that Iν,αm+n takes the
form
Iν,αm+n = (−1)meνzz−αz2−ξz∂mz
(
e−νzz+αz
2+ξzIν,αn
)
.
Now, by means of the Leibniz formula combined with (1.3) and
∂kz I
ν,α
m (z, z|ξ) =
m!(−2α)k
(m− k)! I
ν,α
m−k, (2.20)
which follows by induction starting from (2.9), we obtain
Iν,αm+n =
m∑
k=0
(−1)k
(
m
k
)
Iν,αm−k∂
k
z (Iν,αn ) = m!n!
min (m,n)∑
k=0
(2α)k
k!
Iν,αm−k
(m− k)!
Iν,αn−k
(n− k)! .
This completes the proof. 
Remark 2.13. We recover from (2.19) the three term recurrence formula (2.12) satisfied
by the polynomials Iν,αn by taking m = 1 with n ≥ 1.
Remark 2.14. The most discussed algebraic results concerning the polynomials Iν,αn , can
be recovered easily by means of the well–known properties of the real Hermite polynomials
Hn(x) thanks to Corollary 2.9 or also Proposition 2.11. This is the case of the identity
(2.13) as well as Theorem 2.12, whose the proof can also be handled by means of Corol-
lary 2.9 above combined with the standard Nielsen’s identity for the single real Hermite
polynomials, or also using (2.2). The same observation holds true for Theorem 3.1 below.
However, the analytic properties of these polynomials are far from to be derived by em-
ploying Corollary 2.9 as will be clarified in the following sections (see Sections 5, 6 and
7). This is the case of the integral representation of Iν,αn obtained in Theorem 5.2 below.
3 Generating functions
The first generating function we deal with is a standard one.
Theorem 3.1. The polynomials Iν,αn satisfy the generating function
+∞∑
n=0
tn
n!I
ν,α
n = eαt
2+tIν,α1 . (3.1)
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Proof. Notice first that we have
+∞∑
n=0
tn
n!I
ν,α
n = e−αz
2−ξz
+∞∑
n=0
(−t)n
n! (∂z − νz)
n
(
eαz
2+ξz
)
= e−αz2−ξze−t∂z+νtz
(
eαz
2+ξz
)
= e−αz2−ξzeνtz exp (−t∂z)
(
eαz
2+ξz
)
.
Now, in view of Lemma 3.5 and making appeal to the usual generating function of the
Hermite polynomials ([25, 28]):
∞∑
k=0
tk
k!Hk(x) = e
−t2+2tx,
it follows
+∞∑
n=0
tn
n!I
ν,α
n = eνtz
( ∞∑
k=0
(iα1/2t)k
k! Hk
(
iα1/2z + iξ2α1/2
))
= eαt2−(2αz−νz+ξ)t.
This ends the proof. 
The next generating function generalizes the previous one. Its proof is based essentially
on the Nielsen’s identity. Namely, we assert
Theorem 3.2. We have
+∞∑
m,n=0
umvn
m!n! I
ν,α
m+n = eα(u+v)
2+(u+v)Iν,α1 . (3.2)
Proof. In view of (2.19), we can write the right hand–side of (3.2) as follows
+∞∑
m,n=0
umvn
m!n! I
ν,α
m+n =
+∞∑
m,n=0
umvn
m∑
k=0
(2α)k
k!
Iν,αm−k
(m− k)!
Iν,αn−k
(n− k)!
=
+∞∑
m=0
um
m∑
k=0
(2αv)k
k!
Iν,αm−k
(m− k)!
(+∞∑
n=0
vn−kIν,αn−k
(n− k)!
)
=
+∞∑
m=0
um
m∑
k=0
(2αv)k
k!
Iν,αm−k
(m− k)!
+∞∑
j=0
vj
Iν,αj
j!
 .
According to (3.1), this leads to
+∞∑
m,n=0
umvn
m!n! I
ν,α
m+n =
+∞∑
m=0
m∑
k=0
(2αv)k
k! u
m I
ν,α
m−k
(m− k)!e
αv2+vIν,α1 .
Now, by interchanging the order of summation in the double sum,
+∞∑
m=0
m∑
j=0
Tj,m =
+∞∑
j=0
∞∑
k=0
Tj,j+k,
it follows
+∞∑
m,n=0
umvn
m!n! I
ν,α
m+n =
+∞∑
k=0
(2αuv)k
k!
∞∑
j=0
ujIν,αj
j! e
αv2+vIν,α1 .
Using again (3.1), we obtain
+∞∑
m,n=0
umvn
m!n! I
ν,α
m+n = e2αuveαu
2+uIν,α1 eαv
2+vIν,α1 = eα(u+v)2+(u+v)I
ν,α
1 .

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Remark 3.3. For u = 0 or v = 0, the identity (3.2) reduces further to (3.1).
The third generating function in this section is the following
Theorem 3.4. We have the following identity
+∞∑
n=0
m∑
k=0
(
m
k
)
(iα1/2)m−k ξ
n
νnn!Hm−k(iα
1/2z)Hνn,k(z, z) = eξzIα,ξm (z). (3.3)
Proof. Direct computation making use the Leibniz formula infers
∂m
∂zm
(e−ν|z|2+ξzeαz2) =
m∑
k=0
(
m
k
)
∂k
∂zk
(e−ν|z|2+ξz) ∂
m−k
∂zm−k
(eαz2).
By expanding eξz in power series and making use of Definition 1.1 of the holomorphic
Hermite polynomials, we get
∂m
∂zm
(e−ν|z|2+ξzeαz2) =
m∑
k=0
(
m
k
)
∂k
∂zk
(+∞∑
n=0
ξn
n! z
ne−ν|z|
2
)
(−iα1/2)m−kHm−k(iα1/2z)eαz2
= eαz2
+∞∑
n=0
ξn
n!νn
(
m∑
k=0
(
m
k
)
(−iα1/2)m−k ∂
k
∂zk
(νnzne−ν|z|2)
)
Hm−k(iα1/2z)
= (−1)me−ν|z|2+αz2
+∞∑
n=0
ξn
n!νn
m∑
k=0
(
m
k
)
(iα1/2)m−keν|z|2Hνn,k(z, z)Hm−k(iα1/2z).
Therefore,
Iα,ξm (z) = e−ξz
+∞∑
n=0
m∑
k=0
(
m
k
)
(iα1/2)m−k (ξ)
n
νnn!Hm−k(iα
1/2z)Hνn,k(z, z).

The last generating function in this section shows that the polynomials Iν,αm (z, z|ξ) can
be generated from the ξ–holomorphic Hermite polynomials Hm(ξ) and the polyanalytic
Hermite polynomials Hm,n(z, z). To this end, we use a variant (analytic continuation) of
the generating function of the real Hermite polynomials. Such result is also needed in the
proof of Theorem 3.4 below.
Lemma 3.5. The explicit expression of the k–th z–derivative of eαz2+ξz in terms of the
usual Hermite polynomials Hk(z) is given by
∂kz e
αz2+ξz = (−i)kαk/2Hk
(
iα1/2z + iξ2α1/2
)
eαz
2+ξz. (3.4)
Subsequently, we have
eαz
2+ξz =
+∞∑
n=0
(−i)n
n! α
n
2Hn
(
iξ
2α1/2
)
zn. (3.5)
Theorem 3.6. We have the generating function
∞∑
k=0
(−i)kαk/2
νkk! Hk
(
iξ
2α1/2
)
Hνk,m(z, z) = Iν,αm (z, z|ξ)eαz
2+ξz. (3.6)
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Proof. The proof follows easily starting from the definition of Iν,αn and using the expansion
series of the entire function eαz2+ξz as in (3.5). Indeed, we get
Iν,αn (z, z|ξ) = e−αz
2−ξz
+∞∑
m=0
(−i)m
m! α
m
2 Hm
(
iξ
2α1/2
)
(−1)neν|z|2∂nz (zme−ν|z|
2)
= e−αz2−ξz
+∞∑
m=0
(
− iα1/2
ν
)m
m! Hm
(
iξ
2α1/2
)
Hνm,n(z, z). (3.7)
The last equality follows by observing that the rescaled complex Hermite polynomials
Hνm,k(z, z) can be represented also as Hνk,m(z, z) = (−1)meν|z|2∂mz (zke−ν|z|2). 
Remark 3.7. The identity (3.6) states that the polynomials Iν,αn (z, z|ξ) appear as the
bilinear generating function of the polynomials Hνm,n and Hn. This fact can be used to
recover the result of Corollary 2.9 giving the explicit expression of Iν,αn (z, z|ξ) to Theorem
2.1 in [4].
4 Orthogonality
We begin by considering the case of ξ = 0.
Theorem 4.1. Let ν > 0 and α ∈ R such that 2|α| < ν. Then, the polynomials Iν,αm (z, z|0)
satisfy the orthogonality property∫
C
Iν,αm (z, z|0)Iν,αn (z, z|0)e−ν|z|
2+α(z2+z2)dλ(z) = piν
nn!√
ν2 − 4α2 δn,m. (4.1)
Proof. Under the assumption 2|α| < ν and keeping in mind the result of Proposition 2.11
as well as the orthogonality of the rescaled real Hermite polynomials Hτk in the Hilbert
space L2(R, e−τt2dt), ∫
R
Hτj (t)Hτk (t)e−τt
2
dt =
(
pi
τ
)1/2
2kτ kk!,
we get∫
C
Iν,αm (z, z|0)Iν,αn (z, z|0)e−ν|z|
2+α(z2+z2)dλ(z)
=
∫
C
Iν,αm (z, z|0)Iν,αn (z, z|0)e−(ν−2α)x
2−(ν+2α)y2dxdy
=
m∑
j=0
n∑
k=0
(−i)j(i)k
2m+n
(
m
j
)(
n
k
)∥∥∥Hν−2αn−k ∥∥∥2L2,ν−2α(R) ∥∥∥Hν+2αk ∥∥∥2L2,ν+2α(R) δm−j,n−kδj,k
= 12m+n
min(m,n)∑
k=0
(
m
k
)(
n
k
)∥∥∥Hν−2αn−k ∥∥∥2L2,ν−2α(R) ∥∥∥Hν+2αk ∥∥∥2L2,ν+2α(R) δm−k,n−k
= pi√
ν2 − 4α2
n!
2n
n∑
k=0
(
n
k
)
(ν − 2α)n−k(ν + 2α)kδm,n
= piν
nn!√
ν2 − 4α2 δm,n.
This completes the proof. 
Remark 4.2. For α = 0 with ν > 0, we recover the classical orthogonality for the
monomials Iν,0n (z, z|0) = νnzn.
Remark 4.3. The proof we have furnished above is also valid for the general case of
arbitrary ξ under the assumption that 2|α| < ν.
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Based on the orthogonal property obtained in [31] for the holomorphic Hermite poly-
nomials Hn(z), to wit
∫
R2
Hm(x+ iy)Hn(x− iy)e−(1−θ)x2−( 1θ−1)y2dxdy = θ
1/2pi
1− θ
(
2(1 + θ)
1− θ
)n
n!δm,n, (4.2)
where 0 < θ < 1, we can deduce two orthogonality relations for the polynomials I0,αn (z, z|0)
corresponding to ν = 0 = ξ according to α > 0 or α < 0. The one for α > reads
∫
R2
I0,αn (z, z|0)I0,αm (z, z|0)e−(
1
θ
−1)x2−α(1−θ)y2dxdy = θ
1/2pi
α(1− θ)
(
2α(1 + θ)
1− θ
)n
n!δm,n, (4.3)
since in this case I0,αn (z, z|0) = (i
√
α)nHn(i
√
αz).
We establish below an orthogonal property for Iν,αn (z, z|ξ) for arbitrary ν > 0 and ξ ∈ C,
generalizing (4.1) as well as (4.2). To this end, for given reals a, b > 0, we consider the
weight function
ωa,bν,α,ξ(z, z) = e
−Aa,bν,α|z|2−Ba,bν,α(z2+z2)+2<(Ca,bν,α,ξz)e−a<(ξ)2−b=(ξ)2
where the quantities Aa,bν,α, Ba,bν,α and C
ν,α,ξ
a,b are given by
Aa,bν,α :=
(ν − 2α)2a+ (ν + 2α)2b
2
Ba,bν,α :=
(ν − 2α)2a− (ν + 2α)2b
4
Cν,α,ξa,b := a(ν − 2α)<(ξ) + ib(ν + 2α)=(ξ).
Theorem 4.4. Let a, b > 0 such that 4αab = a − b. Then, the polynomials Iν,αn (z, z|ξ)
satisfy the orthogonality property
∫
C
Iν,αm (z, z|ξ)Iν,αn (z, z|ξ)ωa,bν,α,ξ(z, z)dλ(z) =
pi√
ab|ν2 − 4α2|
(
a+ b
2ab
)n
n!δm,n. (4.4)
Proof. Theorem 3.1 yields
Sν,α,ξm,n (u, v|z, z) =
+∞∑
m,n
umvn
m!n! I
ν,α
m (z, z|ξ)Iν,αn (z, z|ξ)
= eα(u2+v2)+uI
ν,α
1 (z,z|ξ)+vIν,α1 (z,z|ξ)
= eα(u2+v2)+[(ν−2α)x−<(ξ)](u+v)−i[(ν+2α)y+=(ξ)](u−v)
= eα(u2+v2)+(u+v)X−i(u−v)Y ,
where we have set X = (ν − 2α)x−<(ξ) and Y = (ν + 2α)y +=(ξ) for given z = x+ iy.
Now, if we denote the left–hand side of (4.4) by T ν,αm,n(ξ), then
T ν,αm,n(ξ) =
1
|ν2 − 4α2|
∫
R2
Iν,αm (z, z|ξ)Iν,αn (z, z|ξ)ωa,bν,α,ξ(z, z)dXdY
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with z = z(X, Y ) and z = z(X, Y ). Subsequently, we have
+∞∑
m,n=0
umvn
m!n! T
ν,α
m,n(ξ) =
1
|ν2 − 4α2|
∫
R2
Sν,α,ξm,n (u, v|z, z)ωa,bν,α,ξ(z, z)dXdY
= e
α(u2+v2)
|ν2 − 4α2|
∫
R2
e−aX
2+(u+v)X−bY 2−i(u−v)Y dXdY
= pi√
ab|ν2 − 4α2|e
4αab+b−a
4ab (u
2+v2)e
a+b
2ab uv
= pi√
ab|ν2 − 4α2| .e
a+b
2ab uv,
The third equality is obtained making use of the well–known Gaussian integral∫
R
e−τy
2+ζydy =
(
pi
τ
)1/2
e
ζ2
4τ ; τ > 0, ζ ∈ C, (4.5)
while the last equality readily follows since 4αab+ b− a = 0. Subsequently, we obtain
Sν,αm,n(ξ) =
pi√
ab|ν2 − 4α2|
(
a+ b
2ab
)n
n!δm,n.
This completes our check of (4.4). 
Remark 4.5. As example of pairs (a, b); a, b > 0 satisfying the condition 4αab = a − b,
we can consider a = (ν − 2α)−1 and b = (ν + 2α)−1. The corresponding Aa,bν,α, Ba,bν,α and
Cν,α,ξa,b are given by Aa,bν,α = ν, Ba,bν,α = −α and Cν,α,ξa,b = ξ, so that the orthogonality (4.4)
reduces to∫
C
Iν,αm (z, z|ξ)Iν,αn (z, z|ξ)e−ν|z|
2+α(z2+z2)+2<(ξz)dλ(z) = piν
nn!√
ν2 − 4α2 e
ν|ξ|2−α
(
ξ2+ξ2
)
δm,n.
which for ξ = 0 leads to the one obtained in Theorem 4.1.
Remark 4.6. For ν = 0 = ξ and α > 0, the identity (4.4) reduces further to (4.3) by
taking
a = 14α
(1
θ
− 1
)
and b = 14α (1− θ)
with 0 < θ < 1.
5 Integral representations
In virtue of Theorem 2.8, we obtain the following integral representation of the poly-
nomials Iν,αn (z, z|ξ).
Proposition 5.1. For every ν > 0 and α ∈ R with α 6= 0, we have
Iν,αn (z, z|ξ) =
( 1
αpi
)1/2
2n
∫
R
tne−
1
4α(2t−Iν,α1 (z,z|ξ))
2
dt. (5.1)
Proof. By means of the explicit formula for the gaussian integral (4.5), we can write
e
(Iν,α1 (z,z|ξ))2
4α =
(
α
pi
) 1
2
∫
R
e−αt
2+tIν,α1 (z,z|ξ)dt. (5.2)
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The integral in the right–hand side converges uniformly on every disc D(0, r) ⊂ C and
one can repeatedly differentiate it with respect to z. Hence, by (2.15) we obtain
Iν,αn (z, z|ξ) = (−1)n
(
α
pi
) 1
2
e−
(Iν,α1 (z,z|ξ))2
4α
∫
R
∂n
∂zn
e−αt
2+tIν,α1 (z,z|ξ)dt
= (−1)n
(
α
pi
) 1
2
∫
R
(−2αt)ne
− 1
α
(
(αt)2−αtIν,α1 (z,z|ξ)+
(Iν,α1 (z,z|ξ))2
4
)
dt
=
( 1
αpi
) 1
2
∫
R
une
− 1
α
(
u− I
ν,α
1 (z,z|ξ)
2
)2
du.
This completes our check of (5.1). 
The next result is a consequence of Theorem 3.6 combined with the integral represen-
tation of the complex Hermite polynomials.
Theorem 5.2. For ν > 0 and a, b ∈ C such that ab > 0, we have
Iν,αn (z, z|ξ) =
(
ab
νpi
)
eν|z|
2−αz2−ξz
∫
C
(bζ)ne−
ab
ν
|ζ|2+a2α
ν2 ζ
2−aξ
ν
ζeaζz−bζzdλ(ζ). (5.3)
More particularly, we have
Iν,αn (z, z|ξ) =
(
ν
pi
)
eν|z|
2−αz2−ξz
∫
C
(−νζ)ne−ν|ζ|2+αζ2+ξζe2iν=〈z,ζ〉dλ(ζ). (5.4)
Proof. The result follows by a tedious but straightforward computation. In fact, starting
from Theorem 3.6 and using the integral representation of Hνm,n(z, z) given by Theorem
3.1 in [4], to wit
Hνm,n(z; z) =
(
ab
νpi
)
(−a)m(b)n
∫
C
ζmζ
n
eν|z|
2−ab
ν
|ζ|2+aζz−bζzdλ(ζ) (5.5)
(valid for ν > 0 and a, b ∈ C such that ab > 0), we obtain
Iν,αn (z, z|ξ) =
(
ab
νpi
)
e−αz
2−ξz
∫
C
(bζ)neν|z|2−abν |ζ|2+aζz−bζz
+∞∑
m=0
(−iaα1/2ζ
ν
)m
m! Hm
(
− iξ2α1/2
) dλ(ζ)
=
(
ab
νpi
)
eν|z|
2−αz2−ξz
∫
C
(bζ)ne−
ab
ν
|ζ|2+a2α
ν2 ζ
2−aξ
ν
ζeaζz−bζzdλ(ζ).
The particular case of a = b = −ν gives rise to (5.4). This completes the proof. 
Remark 5.3. The obtained result (5.4) can also reproved directly. Indeed, by rewriting
e−ν|z|
2+αz2+ξz as
e−ν|z|
2+αz2+ξz = e−
ν2
ν+α(x− ξ2ν )
2+(ν+α)(iy+ 2αx+ξ2(ν+α))
2
and next using twice the integral representation of the Gaussian function (4.5), we obtain
the integral representation of e−ν|z|2+αz2+βz, to wit
e−ν|z|
2+αz2+ξz = 14piν
∫
R2
e−
1
4ν2 ((ν−α)t2+(ν+α)s2)+i(yt+xs)+ ξ2ν (t−is)− iα2ν2 tsdtds
under the assumption that ν + α > 0 with z = x+ iy. It can be rewritten in the form
e−ν|z|
2+αz2+ξz = 12pi
∫
C
e−ν|ζ|
2+αζ2+ξζ+2iν=〈z,ζ〉dλ(ζ) (5.6)
making the change ζ = t−is2ν . Thus (5.4) follows readily by derivation of (5.6).
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We conclude this section by realizing the polynomials Iν,αn (z, z|ξ) as the image of the
real Hermite function hνn(t) =
√
ν
n
e−
ν
2 t
2
Hn(
√
νt) by rescaled Fourier–Wigner transform
defined on L2(R) by [32, 11, 30, 8]
Vν(f, g)(x, y) =
(
ν
2pi
)1/2 ∫
R
eiν(t+
x
2 )yf(t+ x)g(t)dt; z = x+ iy,
with respect to a special window function g that we determine explicitly. Thus, we define
Wνα,ξ(f)(z, z) :=
(−1)n
2n
( 2ν
ν + 2α
)1/2
e
ν
2 |z|2V2ν (Mνα , f) (x, y),
where Mνα stands for
Mνα(y) := e
− ξ22(ν+2α) exp
(
− ν
ν + 2α
(
(ν − 2α)y2 − 2ξy
))
. (5.7)
More explicitly,
Wνα,ξ(f)(z, z) =
(−1)n
2n
(
2ν2
(ν + 2α)pi
)1/2
e
ν
2 |z|2−αz2−ξze−
ξ2
2(ν+2α) (5.8)
×
∫
R
e2iν(t−
x
2 )y exp
(
− ν
ν + 2α
(
(ν − 2α)t2 − 2tξ
))
f(t− x)dt.
Theorem 5.4. Let ν and α be such that 2|α| < ν. Then, for every z, we have
Wνα,ξ(h2νn )(z, z) = Iν,αn (z, z|ξ).
Proof. Observe first that the polynomials Hτm,n(z, z) can be realized as
Hνm,n(z, z) = (−1)n
√
2
2m+n e
ν
2 |z|2V2ν(h2νm , h2νn )(x, y); z = x+ iy. (5.9)
This follows by straightforward computation using Theorem 3.1 in [2] as well as the fact
that hτm,n(z, z) := τ (m+n)/2hm,n(τ 1/2z, τ 1/2z). Now, by Theorem 3.6, we get
Iν,αn (z, z|ξ)eαz
2+ξz = (−1)n
√
2
2n e
ν
2 |z|2
∞∑
k=0
(−i)kαk/2
2kνkk! Hk
(
iξ
2α1/2
)
V2ν(h2νk , h2νn )(x, y)
= (−1)n
√
2
2n e
ν
2 |z|2V2ν
( ∞∑
k=0
(−i)kαk/2
2kνkk! Hk
(
iξ
2α1/2
)
h2νk , h
2ν
n
)
(x, y).
Making use of the Mehler’s formula ([24, 25]) for the rescaled Hermite functions hτn, to
wit
+∞∑
k=0
λkhτk(X)hτk(Y )
2kτ kk! =
1√
1− λ2 exp
(
−τ(1 + λ
2)
2(1− λ2) (X
2 + Y 2) + 2τλ1− λ2XY
)
(5.10)
valid for |λ| < 1, with τ = 2ν, X = iξ2(2να)1/2 and λ = −i
(
2α
ν
)1/2
, we get
∞∑
k=0
(−i)kαk/2
2kνkk! Hk
(
iξ
2α1/2
)
h2νk (Y ) = e−
ξ2
2.4α
∞∑
k=0
(
−i
(
2α
ν
)1/2)k
2k(2ν)kk! h
2ν
k
(
iξ
2(2να)1/2
)
h2νk (Y )
=
(
ν
ν + 2α
)1/2
e−
ξ2
2(ν+2α) exp
(
−ν ((ν − 2α)Y
2 − 2ξY )
ν + 2α
)
=
(
ν
ν + 2α
)1/2
Mνα(Y ),
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whereMνα is exactly the function given through (5.7) under the assumption that 2|α| < ν.
Therefore, we arrive at
Iν,αn (z, z|ξ)eαz
2+ξz = (−1)
n
2n
( 2ν
ν + 2α
)1/2
e
ν
2 |z|2V2ν
(
Mνα , h
2ν
n
)
(x, y).
The obtained expression is reads equivalently as (5.8). This completes the proof. 
Remark 5.5. For the particular case of α = 0 = ξ and ν = 1/2, the transform Wνα,ξ
in (5.8) reduces further to the Segal–Bargmann transform B from L2(R; dt) onto the
Bargmann space F2,1/2(C) = Hol(C) ∩ L2(C; e− |z|
2
2 dxdy). In fact, we have
W1/20,0 (hn)(z, z) =
(−1)n
2n
√
pi
e
ν
4 |z|2
∫
R
e
i
2 (2t+x)ye−
1
2 (t+x)
2
hn(t)dt
= (−1)
n
2n
√
pi
∫
R
e
− 12
(
t2+2tz+ z
2
2
)
hn(t)dt
= (−1)
n
2n B(hn)(−z),
so that the result of our Theorem which reads Wνα,ξ(hn)(z, z) = I1/2,0n (z, z|0) = (1/2)nzn
is exactly the reproducing property for the monomials by B, B(hn)(−z) = (−1)nzn.
6 Polyanalyticity and partial differential equations
The introduced polynomials is a special subclass of polyanalytic functions on the com-
plex plane. In counterpart of the Hνm,n(z, z) which are polyanalytic of order n + 1 and
anti–polyanalytic of order m + 1, the polyanlyticity and the anti–polyanalyticity of the
polynomials Iν,αn (z, z|ξ) have the same order. This is due to the fact that
∂n+1z I
ν,α
n (z, z|ξ) = 0 = ∂n+1z Iν,αn (z, z|ξ),
which can be handled easily using (2.5) and (2.9) keeping in mind the fact Iν,α0 (z, z|ξ) = 1.
Indeed, by induction we have
∂kz I
ν,α
n (z, z|ξ) =
n!νk
(n− k)!I
ν,α
n−k and ∂kz Iν,αn =
(−2α)kn!
(n− k)! I
ν,α
n−k (6.1)
for every nonnegative integer k ≤ n. This can also be recovered from (1.3), since the
polyanalyticity of a complex–valued function f is equivalent to f be of the form
f(z, z) = (−1)neνzz∂nz
(
e−νzzh
)
for some nonnegative integer n and holomorphic function h (see e.g. [3, 1]). Subsequently,
by means of [5] there exist certain holomorphic functions hk; k = 0, 1, · · · , n such that
Iν,αn (z, z|ξ) = znhn + · · ·+ zh1 + h0. (6.2)
The next result gives the explicit expressions of the holomorphic component hk of Iν,αn .
Theorem 6.1. The polynomials Iν,αn (z, z|ξ) are connected to the holomorphic Hermite
polynomials by
Iν,αn (z, z|ξ) = n!
n∑
k=0
νk
k!
(i)n−kαn−k/2
(n− k)! Hn−k
(
iα1/2z + iξ2α1/2
)
zk (6.3)
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Proof. By applying the binomial formula to (2.2) and taking into account (3.4), we obtain
Iν,αn (z, z|ξ) = (−1)ne−αz
2−ξz
n∑
k=0
(
n
k
)(
∂kz (eαz
2+ξz)
)
(−νz)n−k
= n!
n∑
k=0
(i)kαk/2
k! Hk
(
iα1/2z + iξ2α1/2
)
(νz)n−k
(n− k)! .

Remark 6.2. The k–th holomorphic component of Iν,αn in (6.1) is given by
hk(z) =
(i)n−kαn−k/2
(n− k)!n! Hn−k
(
iα1/2z + iξ2α1/2
)
.
Added to the generalized Cauchy equation ∂n+1z = 0 satisfied by Iν,αn (z, z|ξ), we can show
that these polynomials are common eigenfunctions of the partial differential operators of
Laplacian type defined by
∆να,ξ := −∂z∂z + Iν,α1 ∂z and ∆˜να,ξ := −∂z∂z + Iν,α1 ∂z. (6.4)
Theorem 6.3. The polynomials Iν,αn (z, z|ξ) satisfy the partial differential equations
∆να,ξIν,αn (z, z|ξ) = νnIν,αn (6.5)
and
∆˜να,ξIν,αn (z, z|ξ) = −2αnIν,αn . (6.6)
Proof. Using (2.5) and (2.10), we get
∆να,ξIν,αn (z, z|ξ) = (−∂z + Iν,α1 ) ∂zIν,αn
(2.5)= νn (−∂z + Iν,α1 ) Iν,αn−1 (2.10)= νnIν,αn .
The identity (6.5) can be handled by applying ∂z to the both sides of the recurrence
relation (2.4) involving ∂z, and next use (2.5) in Proposition 2.1. The identity (6.6)
follows by proceeding in a similar way using (2.9) and (2.10). 
Remark 6.4. According to the above result, the polynomials Iν,αn are also eigenfunctions
of
∆να,ξ ± ∆˜να,ξ = (−∂z + Iν,α1 )(∂z ± ∂z)
associated to the eigenvalue (ν∓2α)n. In fact, the first order differential operators ∂z±∂z
are lowering operators for the polynomials Iν,αn for satisfying
(∂z ± ∂z)Iν,αn (z, z|ξ) = (ν ∓ 2α)nIν,αn−1 (6.7)
Remark 6.5. The polynomials Iν,αn belong to the kernel of the operator ν∂z + 2α∂z.
7 Connection to rank–one automorphic functions
In this section, we present an application in the context of the so–called automorphic
functions of Landau type with respect to the Z-character χβ(k) = e2ipiβk, i.e., the space
of all complex–valued functions satisfying the functional equation
f(z + k) = e2ipiβke2α(z+ k2 )kf(z) (7.1)
for all k ∈ Z and z ∈ C. To this end, let L2(C/Z, e−2α|z|2dxdy) denote the space of
f : C −→ C satisfying (7.1) and subject to the norm boundedness on the strip C/Z with
respect to the gaussian measure
||f ||2α,Z =
∫
C/Z
|f(z)|2e−2α|z|2dxdy < +∞. (7.2)
16 A. BENAHMADI AND A. GHANMI
We denote by 〈·, ·〉α,Z the associated hermitian scalar product. Then it is proved in [16]
that the functions
ϕν,α,βm,n (z, z) = (−i)mHαm
(
2=m(z) + pi(β + n)
α
)
eα,βn (z) (7.3)
with =m(z) = z−z2i , form an orthogonal basis of L2(C/Z, e−2α|z|
2
dxdy). This result can be
reproved using the first order differential operator A∗2α = −∂z + νz and the corresponding
functions
ψν,α,βm,n (z, z) := (A∗2α)m(eα,βn (z)),
for (m,n) ∈ Z+ × Z, where
eα,βn (z) = eαz
2+2ipi(β+n)z
In fact, we show that these functions form an orthogonal basis of L2(C/Z, e−2α|z|2dxdy)
and that their explicit expression is given in terms of the special subclass
Iα,βm,n (z, z) := I2α,αm (z, z|2ipi(β + n)) (7.4)
= (−1)neν|z|2−αz2−2ipi(β+n)z ∂
n
∂zn
(
e−ν|z|
2+αz2+2ipi(β+n)z
)
,
where α >, β ∈ R, m = 0, 1, 2, · · · , and n ∈ Z+.
Lemma 7.1. We have
ψν,α,βm,n (z, z) = I
ν
2 ,ν
m (z, z|2ipi(β + n))eα,νn = ϕν,α,βm,n (z, z).
Proof. Since A∗2αf = −e2α|z|2∂z
(
e−2α|z|
2
f
)
, we get (A∗)m2αf = (−1)me2α|z|2∂mz
(
e2α|z|
2
f
)
.
Therefore,
(A∗2α)m(eα,βn (z)) = (−1)me2α|z|
2
∂mz
(
e−2α|z|
2
eα,βn (z)
)
= I2α,α,βm,n (z, z) eα,βn (z)

Such claim (i.e., ψν,α,βm,n (z, z) is an orthogonal basis of L2(C/Z; e−2α|z|
2
dxdy)) is based on
the following
Lemma 7.2 ([16]). The functions eα,βn (z) = eαz
2+2ipi(β+n)z; n = 0, 1, · · · , form a complete
system of the theta Bargmann-Fock space F2,2αZ,β (C) of all complex-valued entire functions
satisfying (7.1)) and belonging to L2(C/Z, e−2α|z|2dxdy).
Lemma 7.3. The functions ψν,α,βm,n are eigenfunctions of ∆2α associated to the eigenvalue
2αm.
Proof. The result readily follows by induction. It is clear for m = 0. Next, if ∆2αψν,α,βk,n =
2αkψν,α,βk,n is verified for k ≤ m, we use the fact ∆ν = A∗2αA = AA∗2α to get
∆2αψν,α,βm+1,n = (A∗A)A∗(A∗)m(eα,νn ) = A∗(ν + ∆ν)(A∗)m(eα,νn ) = ν(m+ 1)ψ
ν,α,β
m+1,n

Lemma 7.4. The functions ψν,α,βm,n satisfy the functional equation (7.1) and are orthogonal
in L2(C/Z, e−2α|z|2dxdy).
Proof. Notice that for f = eαz2+2ipiβzF and g = eαz2+2ipiβzG satisfying the autoumorphic
equation (7.1), the functions F and G are Z–periodic and we have
〈f, g〉α,Z =
∫
[0,1]×R
|g(z)|2e−4αy2−4piβydxdy.
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Then, the result follows by a tedious but straightforward computations using the explicit
expression of ψν,α,βm,n given by Lemma 7.1 combined with the orthogonality of eα,βn (see
Lemma 7.2). 
Remark 7.5. The above discussion shows that the polynomials Iα,βm,n (z, z) in (7.4) charac-
terize the orthogonal complement of F2,2αZ,β (C) in the full Hilbert space L2(C/Z; e−2α|z|2dxdy).
8 Concluding remarks
In the present paper, we have discussed in Sections 2, 3, 4, 5 and 6 some basic properties
of a novel class of polyanalyic polynomials of Hermite type such as operational and inte-
gral representations, generating functions, orthogonality relations and different differential
equations they satisfy. In Section 6, we have proved that Iν,αn (z, z|ξ) are eigenfunctions of
the partial differential operator ∆να,ξ := −∂z∂z + Iν,α1 ∂z in (6.4). It should be mentioned
here that the particular case ∆ν0,0 is the twisted Laplacian ∆ν = − ∂
2
∂z∂z
+ νz ∂
∂z
describing
in physics the quantum behavior of a nonrelativistic charged particle confined in the plane
under the action of an external constant magnetic field [26, 11, 30, 10]. The corresponding
L2–spectral analysis on the free Hilbert space L2(C; e−ν|z|2dxdy) is completely described
by the univariate complex Hermite polynomials Hνm,n(z, z) that form an orthogonal basis
of L2–eigenfunctions of ∆ν (see [21, 18, 13]). While the subclass Iν,αm,n (z, z|2ipi(β + n))
appeared to be essential in describing the spectral theory of ∆ν (with ν = 2α) acting on
rank–one automorphic functions belonging to L2(C/Z; e−ν|z|2dxdy) .
Accordingly, we claim that the polynomials Iν,αn (z, z|ξ) will play a crucial rule in il-
lustrating the spectral properties of ∆να,ξ acting on an appropriate Hilbert space whose
associated scaler product is predicted by Theorem 4.4. The corresponding spaces will
constitute the polyanalytic version of the functional spaces studied in [31, 6]. This will
be considered in detail in a forthcoming paper.
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